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Abstract
The purpose in this paper is to prove that there exists a lattice on certain solvable Lie groups and to construct a symplectic
solvmanifold with the Hard Lefschetz property, and a locally conformal Kähler solvmanifold. We see that minimal models for
these solvmanifolds are formal.
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Introduction
On the existence of a lattice on a Lie group, it is well known that a nilpotent Lie group admits a lattice if and only if
its Lie algebra has a basis whose structure constants are rational numbers. However, for solvable Lie groups, no such
necessary and sufficient conditions are known.
In Section 1, we consider a 7-dimensional solvable Lie algebra g1 given by
g1 = span{A,X1,X2,X3,Z1,Z2,Z3},
[X1,X2] = Z3, [X2,X3] = Z1, [X3,X1] = Z2,
[A,X1] = −a1X1, [A,X2] = −a2X2, [A,X3] = −a3X3,
[A,Z1] = a1Z1, [A,Z2] = a2Z2, [A,Z3] = a3Z3,
where a1, a2, a3 are distinct real numbers such that a1 + a2 + a3 = 0, and there exists λ ∈ R and m,n ∈ N satisfying
that ea1λ, ea2λ, ea3λ are distinct roots of the polynomial f (x) = x3 −mx2 +nx − 1. The connected, simply-connected
solvable Lie group G1 whose Lie algebra is g1 can be expressed as follows:
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
ea1t 0 0 0 0 e−a3t x2 z1
0 ea2t 0 e−a1t x3 0 0 z2
0 0 ea3t 0 e−a2t x1 0 z3
0 0 0 e−a1t 0 0 x1
0 0 0 0 e−a2t 0 x2
0 0 0 0 0 e−a3t x3
0 0 0 0 0 0 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
: t, xi, zi ∈ R
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.
We prove that
Theorem 1. The solvable Lie group G1 admits a lattice Γ1.
Benson and Gordon [5] constructed g1 for (a1, a2, a3) = (1,2,−3). But, it is known that for any λ ∈ R and m,n ∈
N, there exist no polynomials f (x) = x3 −mx2 + nx − 1 whose roots are eλ, e2λ, e−3λ [9].
Let (M2m,ω) be a compact symplectic manifold. We say that (M2m,ω) has the Hard Lefschetz property if the
mapping Lk :Hm−kDR (M) → Hm+kDR (M), where Lk[α] = [ωk ∧ α], is an isomorphism for each k m. It is well known
that a compact Kähler manifold has the Hard Lefschetz property and its minimal model is formal. In the case of a
compact nilmanifold, either if Lm−1 :H 1DR(M) → H 2m−1DR (M) is an isomorphism, or if its minimal model is formal,
then M is a torus [4,10]. In the case of a compact solvmanifold, there are non-toral solvmanifolds M with the property
that Lm−1 :H 1DR(M) → H 2m−1DR (M) is an isomorphism, or the property that whose minimal model is formal [13,2,17,
7,5,15].
The 8-dimensional compact solvmanifold G1/Γ1 × S1 has a symplectic structure. In Section 2, we prove that the
symplectic solvmanifold G1/Γ1 × S1 has the Hard Lefschetz property and its minimal model is formal (cf. [4]). It is
known that a compact Kähler solvmanifold is biholomorphic to a complex torus [3,11]. Note that G1/Γ1 × S1 admits
no left-invariant complex structures.
In Section 3, we consider a 4-dimensional solvable Lie algebra g2 given by
g2 = span{A,X,Y,Z},
[A,X] = X, [A,Y ] = −Y, [X,Y ] = Z.
The connected, simply-connected solvable Lie group G2 whose Lie algebra is g2 can be expressed as follows:
G2 =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
⎛
⎜⎜⎜⎝
1 0 e−t x z
0 et 0 x
0 0 e−t y
0 0 0 1
⎞
⎟⎟⎟⎠ : t, x, y, z ∈ R
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
.
We prove that
Theorem 2. The solvable Lie group G2 admits a lattice Γ2.
Let (M,g,J ) be a compact Hermitian manifold. (M,g,J ) is said to be a locally conformal Kähler manifold if
dΩ = α ∧ Ω , where Ω is the fundamental 2-form and α is the Lee form on M . Non-Kähler examples of locally
conformal Kähler manifolds are S1 × S2r+1(r  1), the Inoue complex surfaces [16] and the compact nilmanifold
N/Γ × S1, where N is the Heisenberg Lie group and Γ is a lattice of N [6].
The 4-dimensional solvmanifold G2/Γ2 was investigated in [1]. In particular, they [1] had shown that G2/Γ2 has a
locally conformal Kähler structure and no symplectic structures. Thus G2/Γ2 has no Kähler structures. However, the
minimal model for G2/Γ2 is formal.
1. A proof of Theorem 1
In this section, we prove Theorem 1.
H. Sawai / Topology and its Applications 154 (2007) 3125–3134 3127Note that the product of the group
G1 =
⎧⎨
⎩
⎛
⎝t,
⎛
⎝x1x2
x3
⎞
⎠ ,
⎛
⎝ z1z2
z3
⎞
⎠
⎞
⎠ : t, xi, zi ∈ R
⎫⎬
⎭
is given by⎛
⎝t,
⎛
⎝x1x2
x3
⎞
⎠ ,
⎛
⎝ z1z2
z3
⎞
⎠
⎞
⎠ ·
⎛
⎝t ′,
⎛
⎝x
′
1
x′2
x′3
⎞
⎠ ,
⎛
⎝ z
′
1
z′2
z′3
⎞
⎠
⎞
⎠=
⎛
⎝t + t ′,
⎛
⎝ e
−a1t x′1 + x1
e−a2t x′2 + x2
e−a3t x′3 + x3
⎞
⎠ ,
⎛
⎝ e
a1t z′1 + e−a3t x2x′3 + z1
ea2t z′2 + e−a1t x3x′1 + z2
ea3t z′3 + e−a2t x1x′2 + z3
⎞
⎠
⎞
⎠ .
We consider the solvable Lie group
G′1 =
⎧⎨
⎩
⎛
⎝ t,
⎛
⎝x1x2
x3
⎞
⎠ ,
⎛
⎝ z1z2
z3
⎞
⎠
⎞
⎠ : t, xi, zi ∈ R
⎫⎬
⎭ ,
where the product of the group G′1 is given by⎛
⎝ t,
⎛
⎝x1x2
x3
⎞
⎠ ,
⎛
⎝ z1z2
z3
⎞
⎠
⎞
⎠ ·
⎛
⎝ t ′,
⎛
⎝x
′
1
x′2
x′3
⎞
⎠ ,
⎛
⎝ z
′
1
z′2
z′3
⎞
⎠
⎞
⎠
=
⎛
⎜⎝ t + t ′,
⎛
⎜⎝
e−a1t x′1 + x1
e−a2t x′2 + x2
e−a3t x′3 + x3
⎞
⎟⎠ ,
⎛
⎜⎝
ea1t z′1 − 12 e−a2t x3x′2 + 12 e−a3t x2x′3 + z1
ea2t z′2 + 12 e−a1t x3x′1 − 12 e−a3t x1x′3 + z2
ea3t z′3 − 12 e−a1t x2x′1 + 12 e−a2t x1x′2 + z3
⎞
⎟⎠
⎞
⎟⎠ .
We can define an isomorphism ϕ :G1 → G′1 by
ϕ
⎛
⎝
⎛
⎝ t,
⎛
⎝x1x2
x3
⎞
⎠ ,
⎛
⎝ z1z2
z3
⎞
⎠
⎞
⎠
⎞
⎠=
⎛
⎜⎝ t,
⎛
⎝x1x2
x3
⎞
⎠ ,
⎛
⎜⎝
z1 − 12x2x3
z2 − 12x3x1
z3 − 12x1x2
⎞
⎟⎠
⎞
⎟⎠ .
So it is sufficient to prove that G′1 admits a lattice.
Let B ∈ SL(3,Z) be a unimodular matrix given by⎛
⎝0 0 11 0 −n
0 1 m
⎞
⎠ ∈ SL(3,Z).
The characteristic polynomial of B is given by f (x) = x3 −mx2 +nx−1 and distinct eigenvalues of B are ea1λ, ea2λ,
ea3λ. Put α1 = ea1λ, α2 = ea2λ, α3 = ea3λ. Let P =
⎛
⎝ 1 α1 α211 α2 α22
1 α3 α23
⎞
⎠ ∈ GL(3,R). Then we see that |P | = (α1 − α2)(α2 −
α3)(α3 − α1) and PBP−1 = tP−1 tB tP =
(
α1 0 0
0 α2 0
0 0 α3
)
.
We define a diffeomorphism φ :R7 → G′1 by
φ(A) =
⎛
⎝λt,2P
⎛
⎝x1x2
x3
⎞
⎠ , |P | tP−1
⎛
⎝ z1z2
z3
⎞
⎠
⎞
⎠ ,
for A = (t, xi, zi) ∈ R7. Define Γ ′1 = φ(Z7). We prove that Γ ′1 is a lattice of G′1. It is obvious that Γ ′1 is discrete and
φ(U) is compact, where U = {(t, xi, zi) ∈ R7: 0 t, xi, zi  1}. Thus it is sufficient to prove that Γ ′1 is a subgroup
of G′ .1
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s(γ ) = λs,
⎛
⎝u1(γ )u2(γ )
u3(γ )
⎞
⎠= 2P
⎛
⎝u1u2
u3
⎞
⎠ ,
⎛
⎝w1(γ )w2(γ )
w3(γ )
⎞
⎠= |P | tP−1
⎛
⎝w1w2
w3
⎞
⎠ .
Then we get s(γ γ ′) = λ(s + s′).
We see that
⎛
⎝u1(γ γ
′)
u2(γ γ ′)
u3(γ γ ′)
⎞
⎠=
⎛
⎝ e
−a1λsu1(γ ′)+ u1(γ )
e−a2λsu2(γ ′)+ u2(γ )
e−a3λsu3(γ ′)+ u3(γ )
⎞
⎠
=
⎛
⎝ e
−a1λs 0 0
0 e−a2λs 0
0 0 e−a3λs
⎞
⎠
⎛
⎝u1(γ
′)
u2(γ ′)
u3(γ ′)
⎞
⎠+
⎛
⎝u1(γ )u2(γ )
u3(γ )
⎞
⎠
= PB−sP−12P
⎛
⎝u
′
1
u′2
u′3
⎞
⎠+ 2P
⎛
⎝u1u2
u3
⎞
⎠
= 2P
⎧⎨
⎩B−s
⎛
⎝u
′
1
u′2
u′3
⎞
⎠+
⎛
⎝u1u2
u3
⎞
⎠
⎫⎬
⎭ .
Hence,
⎛
⎝u1(γ γ
′)
u2(γ γ ′)
u3(γ γ ′)
⎞
⎠= 2P
⎛
⎝u
′′
1
u′′2
u′′3
⎞
⎠ ,
where
⎛
⎝u
′′
1
u′′2
u′′3
⎞
⎠= B−s
⎛
⎝u
′
1
u′2
u′3
⎞
⎠+
⎛
⎝u1u2
u3
⎞
⎠ .
Since
⎛
⎝−e
−a2λsu3(γ )u2(γ ′)+ e−a3λsu2(γ )u3(γ ′)
e−a1λsu3(γ )u1(γ ′)− e−a3λsu1(γ )u3(γ ′)
−e−a1λsu2(γ )u1(γ ′)+ e−a2λsu1(γ )u2(γ ′)
⎞
⎠
=
⎛
⎝ 0 −e
−a2λsu3(γ ) e−a3λsu2(γ )
e−a1λsu3(γ ) 0 −e−a3λsu1(γ )
−e−a1λsu2(γ ) e−a2λsu1(γ ) 0
⎞
⎠
⎛
⎝u1(γ
′)
u2(γ ′)
u3(γ ′)
⎞
⎠
=
⎛
⎝ 0 −u3(γ ) u2(γ )u3(γ ) 0 −u1(γ )
−u2(γ ) u1(γ ) 0
⎞
⎠
⎛
⎝ e
−a1λs 0 0
0 e−a2λs 0
0 0 e−a3λs
⎞
⎠
⎛
⎝u1(γ
′)
u2(γ ′)
u3(γ ′)
⎞
⎠ ,
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⎝w1(γ γ
′)
w2(γ γ ′)
w3(γ γ ′)
⎞
⎠=
⎛
⎜⎝
aa1λsw1(γ ′)− 12 e−a2λsu3(γ )u2(γ ′)+ 12 e−a3λsu2(γ )u3(γ ′)+ w1(γ )
aa2λsw2(γ ′)+ 12 e−a1λsu3(γ )u1(γ ′)− 12 e−a3λsu1(γ )u3(γ ′)+ w2(γ )
aa3λsw3(γ ′)− 12 e−a1λsu2(γ )u1(γ ′)+ 12 e−a2λsu1(γ )u2(γ ′)+ w3(γ )
⎞
⎟⎠
=
⎛
⎝ e
a1λs 0 0
0 ea2λs 0
0 0 ea3λs
⎞
⎠
⎛
⎝w1(γ
′)
w2(γ ′)
w3(γ ′)
⎞
⎠
+ 1
2
⎛
⎝ 0 −u3(γ ) u2(γ )u3(γ ) 0 −u1(γ )
−u2(γ ) u1(γ ) 0
⎞
⎠
⎛
⎝ e
−a1λs 0 0
0 e−a2λs 0
0 0 e−a3λs
⎞
⎠
⎛
⎝u1(γ
′)
u2(γ ′)
u3(γ ′)
⎞
⎠+
⎛
⎝w1(γ )w2(γ )
w1(γ )
⎞
⎠
= tP−1 tBs tP |P | tP−1
⎛
⎝w
′
1
w′2
w′3
⎞
⎠
+
⎛
⎝ 0 −u3(γ ) u2(γ )u3(γ ) 0 −u1(γ )
−u2(γ ) u1(γ ) 0
⎞
⎠PB−sP−1P
⎛
⎝u
′
1
u′2
u′3
⎞
⎠+ |P | tP−1
⎛
⎝w1w2
w3
⎞
⎠
= |P | tP−1
⎧⎨
⎩tBs
⎛
⎝w
′
1
w′2
w′3
⎞
⎠+ 1|P | tP
⎛
⎝ 0 −u3(γ ) u2(γ )u3(γ ) 0 −u1(γ )
−u2(γ ) u1(γ ) 0
⎞
⎠PB−s
⎛
⎝u
′
1
u′2
u′3
⎞
⎠+
⎛
⎝w1w2
w3
⎞
⎠
⎫⎬
⎭ .
Note that⎛
⎝ 0 −u3(γ ) u2(γ )u3(γ ) 0 −u1(γ )
−u2(γ ) u1(γ ) 0
⎞
⎠
=
⎛
⎜⎝
0 −2(u1 + α3u2 + α23u3) 2(u1 + α2u2 + α22u3)
2(u1 + α3u2 + α23u3) 0 −2(u1 + α1u2 + α21u3)
−2(u1 + α2u2 + α22u3) 2(u1 + α1u2 + α21u3) 0
⎞
⎟⎠
= 2u1
⎛
⎝ 0 −1 11 0 −1
−1 1 0
⎞
⎠+ 2u2
⎛
⎝ 0 −α3 α2α3 0 −α1
−α2 α1 0
⎞
⎠+ 2u3
⎛
⎜⎝
0 −α23 α22
α23 0 −α21
−α22 α21 0
⎞
⎟⎠ .
By a straightforward computation, we get
tP
⎛
⎝ 0 −α
n
3 α
n
2
αn3 0 −αn1
−αn2 αn1 0
⎞
⎠P
= tP
⎛
⎜⎝
α−n1 0 0
0 α−n2 0
0 0 α−n3
⎞
⎟⎠
⎛
⎝ 0 −1 11 0 −1
−1 1 0
⎞
⎠
⎛
⎜⎝
α−n1 0 0
0 α−n2 0
0 0 α−n3
⎞
⎟⎠P
= tP tP−1 tB−n tP
⎛
⎝ 0 −1 11 0 −1
−1 1 0
⎞
⎠PB−nP−1P
= tB−n
⎛
⎝0 0 00 0 −|P |
⎞
⎠B−n,0 |P | 0
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⎝w1(γ γ
′)
w2(γ γ ′)
w3(γ γ ′)
⎞
⎠= |P | tP−1
⎧⎨
⎩tBs
⎛
⎝w
′
1
w′2
w′3
⎞
⎠+ 2
{ 3∑
i=1
ui
tB−i+1JB−i+1
}⎛
⎝u
′
1
u′2
u′3
⎞
⎠+
⎛
⎝w1w2
w3
⎞
⎠
⎫⎬
⎭ ,
where J =
( 0 0 0
0 0 −1
0 1 0
)
. Hence we get
⎛
⎝w1(γ γ
′)
w2(γ γ ′)
w3(γ γ ′)
⎞
⎠= |P | tP−1
⎛
⎝w
′′
1
w′′2
w′′3
⎞
⎠ , where
⎛
⎝w
′′
1
w′′2
w′′3
⎞
⎠= tBs
⎛
⎝w
′
1
w′2
w′3
⎞
⎠+ 2
{ 3∑
i=1
ui
tB−i+1JB−i+1
}⎛⎝u
′
1
u′2
u′3
⎞
⎠+
⎛
⎝w1w2
w3
⎞
⎠ .
Therefore Γ ′1 is a subgroup of G′1.
Remark 1.1. Let f (x) = x3 − kx2 + (k + 1)x − 1, where k > 5. By a straightforward computation, we see that
f (0) = −1 < 0, f (1) = 1 > 0, f (2) = −2k + 9 < 0, f (k) = k(k + 1)− 1 > 0,
so that f (x) has distinct positive roots eλ1 , eλ2 , eλ3 . In the case of (a1, a2, a3) = (λ1, λ2, λ3), G1 admits a lattice.
2. The property of the solvmanifold G1/Γ1 × S1
In this section, we prove that G1/Γ1 × S1 has a symplectic structure with the Hard Lefschetz property and its
minimal model is formal. Note that a compact Kähler solvmanifold is biholomorphic to a complex torus [3,11].
A solvable Lie algebra g is called completely solvable if for each X ∈ g, ad(X) :g→ g has only real eigenvalues. It
is obvious that g1 is completely solvable. Hattori [12] proved that the Chevalley–Eilenberg cohomology H ∗(g) of the
completely solvable Lie algebra g is isomorphic to the de Rham cohomology of the solvmanifold H ∗DR(G/Γ ), where
G is the simply-connected Lie group corresponding to g and Γ is a lattice of G.
Let {α, ζi, ηi} be a dual basis {A,Xi,Zi} and β a dual basis to the S1-factor in G1/Γ1 × S1:
dα = 0, dβ = 0,
dζ1 = a1α ∧ ζ1,
dζ2 = a2α ∧ ζ2,
dζ3 = a3α ∧ ζ3,
dη1 = −a1α ∧ η1 − ζ2 ∧ ζ3,
dη2 = −a2α ∧ η2 − ζ3 ∧ ζ1,
dη3 = −a3α ∧ η3 − ζ1 ∧ ζ2.
By Nomizu–Hattori theorem [14,12], we know that HqDR(G1/Γ1 × S1) ∼= Hq(g1 × R). Thus, we have
H 0DR(G1/Γ1 × S1) = R,
H 1DR(G1/Γ1 × S1) = span
{[α], [β]},
H 2DR(G1/Γ1 × S1) = span
{[α ∧ β], [ω1], [ω2]},
H 3DR(G1/Γ1 × S1) = span
{[α ∧ω1], [α ∧ω2], [β ∧ω1], [β ∧ω2]},
H 4DR(G1/Γ1 × S1) = span
{[α ∧ β ∧ω1], [α ∧ β ∧ω2], [ω21], [ω22]},
H 5DR(G1/Γ1 × S1) = span
{[α ∧ω2], [α ∧ω2], [β ∧ω2], [β ∧ω2]},1 2 1 2
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{[α ∧ β ∧ω21], [α ∧ β ∧ω22], [ω21 ∧ω2]},
H 7DR(G1/Γ1 × S1) = span
{[α ∧ω21 ∧ω2], [β ∧ω21 ∧ω2]},
H 8DR(G1/Γ1 × S1) = span
{[α ∧ β ∧ω21 ∧ω2]},
where ω1 = ζ1 ∧η1 −ζ2 ∧η2 and ω2 = −ζ2 ∧η2 +ζ3 ∧η3. Note that [ω1 ∧ω2] = [ω21]+[ω22] since d(−η1 ∧η2 ∧η3) =
ω21 +ω22 −ω1 ∧ω2 (cf. [4]).
The solvmanifold G1/Γ1 × S1 has a symplectic structure
ω = α ∧ β + pω1 + qω2,
where pq = 0 and p + q = 0. The Lefschetz map Lk :H 4−kDR (G1/Γ1 × S1) → H 4+kDR (G1/Γ1 × S1) is expressed as
follows with respect to the above basis:
L3 =
(3pq(p + q) 0
0 3pq(p + q)
)
,
L2 =
⎛
⎝p(p + 2q) 2(p + q) 2pq(q + 2p) 2q 2(p + q)
0 q(q + 2p) p(p + 2q)
⎞
⎠ ,
L1 =
⎛
⎜⎜⎜⎝
p + q p 0 0
q p + q 0 0
0 0 p + q p
0 0 q p + q
⎞
⎟⎟⎟⎠ .
For example, L3([α]) = 3pq(p + q)[α ∧ω21 ∧ω2]. Thus we see that every Lefschetz map is an isomorphism.
Proposition 2.1. The symplectic solvmanifold G1/Γ1 × S1 has the Hard Lefschetz property.
Let (ΛV,d) be the exterior algebra on a graded vector space V =⊕P=0 V p , where V 0 = R. We say that (ΛV,d)
is minimal if (ΛV,d) satisfies the following conditions:
1. V =⋃∞k=0 V (k), where V (0) ⊂ V (1) ⊂ · · · is an increasing sequence of graded vector subspaces such that
d = 0 on V (0) and d :V (k) → ΛV (k − 1) (k  1).
2. dv ∈ ΛV + ·ΛV +, where V + =⊕p1 V p .
We say that (ΛV,d) is a minimal model for a commutative differential graded algebra (D.G.A) (A, d) if there exists
a D.G.A morphism ρ : (ΛV,d) → (A, d) inducing an isomorphism ρ∗ :H ∗(ΛV,d) → H ∗(A, d). Any connected
differential algebra (A, d) has a minimal model unique up to isomorphism. The minimal model (ΛV,d) for (A, d)
is called formal if there exists a D.G.A morphism ψ : (ΛV,d) → (H ∗(ΛV,d), d = 0) which induces the identity on
cohomology.
The minimal model for G1/Γ1 × S1 is given by
(ΛV,d) = (Λ(a,b, c1, c2, e, f ), d),
where
dega = degb = 1, deg ci = 2, deg e = 3, degf = 5
and
da = db = dci = 0,
de = c21 + c22 − c1c2,
df = c2c2 − c1c2.1 2
3132 H. Sawai / Topology and its Applications 154 (2007) 3125–3134Indeed, a D.G.A morphism ρ : (ΛV,d) → (A(G1/Γ1 × S1), d) given by ρ(a) = α,ρ(b) = β,ρ(ci) = ωi,ρ(e) =
η1 ∧ η2 ∧ η3 and ρ(f ) = 0 induces an isomorphism on cohomology.
Proposition 2.2. The minimal model (ΛV,d) for G1/Γ1 × S1 is formal.
Proof. We can easily check that the minimal model (ΛV,d) for G1/Γ1 × S1 is 3-formal (see definition in [8]). By
Theorem 3.1 in [8], the minimal model (ΛV,d) is formal. 
By a straightforward computation, we see that any almost complex structure on g1 × R is not integrable.
3. A proof of Theorem 2
In this section, we prove Theorem 2.
Note that the product of the group
G2 =
{(
t,
(
x
y
)
, z
)
: t, x, y, z ∈ R
}
is given by(
t,
(
x
y
)
, z
)
·
(
t ′,
(
x′
y′
)
, z′
)
=
(
t + t ′,
(
et x′ + x
e−t y′ + y
)
, z′ + e−t xy′ + z
)
.
We consider the solvable Lie group
G′2 =
{(
t,
(
x
y
)
, z
)
: t, x, y, z ∈ R
}
,
where the product of the group G′2 is given by(
t,
(
x
y
)
, z
)
·
(
t ′,
(
x′
y′
)
, z′
)
=
(
t + t ′,
(
et x′ + x
e−t y′ + y
)
, z′ − 1
2
et yx′ + 1
2
e−t xy′ + z
)
.
We can define an isomorphism ϕ : G2 → G′2 by
ϕ
((
t,
(
x
y
)
, z
))
=
(
t,
(
x
y
)
, z − 1
2
xy
)
.
So it is sufficient to prove that G′2 admits a lattice.
Let B be a unimodular matrix with distinct positive eigenvalues α,α−1 given by
B =
(0 −1
1 k
)
∈ SL(2,Z),
where k > 2. The characteristic polynomial of B is given by f (x) = x2 − kx + 1. Let P =
( 1 α
1 α−1
)
∈ GL(2,R). Then
we see that |P | = (α−1 − α) and PBP−1 =
(
α 0
0 α−1
)
.
Put λ = logα. We define a diffeomorphism φ :R4 → G′2 by
φ(A) =
(
λt,2P
(
x
y
)
, |P |z
)
,
for A = (t, x, y, z) ∈ R4. Define Γ ′2 = φ(Z4). We prove that Γ ′2 is a lattice of G′2. By the same argument in Section 1,
it is sufficient to prove that Γ ′2 is a subgroup of G′2.
Let γ, γ ′ ∈ Γ ′2 such that γ = φ((s, u, v,w)), γ ′ = φ((s′, u′, v′,w′)). Put
s(γ ) = λs,
(
u(γ )
v(γ )
)
= 2P
(
u
v
)
, w(γ ) = |P |w.
Then we get s(γ γ ′) = λ(s + s′).
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u(γ γ ′)
v(γ γ ′)
)
=
(
eλsu(γ ′)+ u(γ )
e−λsv(γ ′)+ v(γ )
)
=
(
eλs 0
0 e−λs
)(
u(γ ′)
v(γ ′)
)
+
(
u(γ )
v(γ )
)
= PBsP−12P
(
u′
v′
)
+ 2P
(
u
v
)
= 2P
{
Bs
(
u′
v′
)
+
(
u
v
)}
.
Hence,(
u(γ γ ′)
v(γ γ ′)
)
= 2P
(
u′′
v′′
)
, where
(
u′′
v′′
)
=
{
Bs
(
u′
v′
)
+
(
u
v
)}
.
Since
−eλsv(γ )u(γ ′)+ e−λsu(γ )v(γ ′) = (−v(γ ),u(γ ))( eλsu(γ ′)
e−λsv(γ ′)
)
= (−v(γ ),u(γ ))( eλs 0
0 e−λs
)(
u(γ ′)
v(γ ′)
)
,
we have
w(γ γ ′) = w(γ ′)− 1
2
eλsv(γ )u(γ ′)+ 1
2
e−λsu(γ )v(γ ′)+ w(γ ′)
= |P |w′ + 1
2
(−v(γ ),u(γ ))( eλs 0
0 e−λs
)(
u(γ ′)
v(γ ′)
)
+ |P |w
= |P |w′ + (−(u+ α−1v),u+ αv)PBsP−12P (u′
v′
)
+ |P |w
= |P |w′ + 2{u(−1,1)+ v(−α−1, α)}PBs (u′
v′
)
+ |P |w
= |P |w′ + 2{u(−1,1)+ v(−α−1, α)}(1 α
1 α−1
)
Bs
(
u′
v′
)
+ |P |w
= |P |w′ + 2{u(0,−α + α−1)+ v(−α−1 + α,0)}Bs (u′
v′
)
+ |P |w
= |P |
{
w′ + 2u(0,1)Bs
(
u′
v′
)
− 2v(1,0)Bs
(
u′
v′
)
+w
}
= |P |
{
w′ + 2(−v,u)Bs
(
u′
v′
)
+w
}
.
Hence we get w(γ γ ′) = |P |w′′, where w′′ = w′ + 2(−v,u)Bs
(
u′
v′
)
+w. Therefore Γ ′2 is a subgroup of G′2.
Remark 3.1. Let H be the Lie group given by
H =
{(
et x
0 1
)
: t, x ∈ R
}
.
Then G2 is described as the semi-direct product G2 = H ϕ R2, where ϕ is the automorphism of R2 given by
ϕ(t, x) =
(
1 e−t x
0 e−t
)
. Andrés et al. [1] claimed that G2 admits a lattice Γ of the form Γ = Γ1 ϕ Γ2, where Γ1 ⊂ H and
Γ2 ⊂ R2 are lattices, respectively. However, H is not unimodular. So H admits no lattices.
3134 H. Sawai / Topology and its Applications 154 (2007) 3125–3134It is obvious that g2 is completely solvable. By Nomizu–Hattori theorem [14,12], we see that H 2DR(G2/Γ2) = 0.
Thus G2/Γ2 has no Kähler structures. However, the minimal model for G2/Γ2 is formal. Andrés et al. [1] proved that
G2/Γ2 has a locally conformal Kähler structure. Indeed, take an invariant metric g on G2/Γ2 such that {A,X,Y,Z}
is an orthonormal frame, and an invariant complex structure J given by
JA = −Y, JX = Z,
JY = A, JZ = −X.
Then we see that (G2/Γ2, g, J ) has a locally conformal Kähler structure. Note that, in this case, the Lee form is not
parallel.
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